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Spin precession in magnetic materials is commonly modelled with the classical phenomenological
Landau-Lifshitz-Gilbert (LLG) equation. Recent work has addressed shortcomings, however no quantum
thermodynamically consistent framework has been compared to the predictions of the standard LLG equa-
tion. Based on a quantized spin+environment Hamiltonian, we here derive a general three-dimensional
quantum spin dynamics equation that consistently accounts for effects arising from memory, coloured
noise and quantum statistics. We further propose resonant Lorentzian couplings as a tool for the system-
atic comparison of spin dynamics in non-LLG-like and LLG-like regimes. We demonstrate characteristic
flattening of the magnetization curve of a single classical spin at low temperatures, caused by quantum
noise fluctuations that persist even at zero temperature. For dynamics with appreciable memory times
our numerical results show a decay to steady state that is much quicker than with the memory-free LLG
equation. The presented model provides a powerful tool to explore general three-dimensional dissipation
in quantum thermodynamics.
INTRODUCTION
Thermodynamic principles are central to all physi-
cal sciences and provide the backbone for a great va-
riety of technologies, from fridges to solar cells. But
the continued miniaturisation of technologies asks for a
deeper understanding of thermodynamic principles be-
yond the classical macroscopic world, when pushed into
a regime where thermal fluctuations compete with quan-
tum fluctuations. Recent advances in the field of quan-
tum thermodynamics [1, 2] include quantum fluctuation
relations [3, 4] and single shot thermodynamics [1, 5]
that describe energetic and entropic exchanges of sys-
tems that are driven way out of equilibrium and apply
to ensembles of sizes that are well below the thermody-
namic limit. The impact of quantum coherences as well
as quantum correlations, such as entanglement and dis-
cord, on thermodynamic processes and cycles is increas-
ingly theoretically understood [6–9] and experimentally
tested [10]. Interest has also grown to uncover the ther-
modynamics of small systems whose coupling to envi-
ronmental degrees of freedom does not solely thermalise
the system, but moreover leads to coupling-dependent
system properties. These include corrections to ener-
getic and entropic potentials and fluctuation relations
[11–14], non-Markovianity in the system dynamics [15],
thermodynamic corrections that arise for systems that
are in a global Gibbs state together with their environ-
ment [16, 19], and systems that have been shown to
dynamically equilibrate to steady states that maintain
coherences [17–19]. Many of these studies have focussed
on two well-established open quantum systems models,
the Caldeira-Leggett model for quantum Brownian mo-
tion [24] and the spin-boson model where a single com-
ponent of a spin (or many spins) couples to a harmonic
bath [20, 21]. These models have been used to predict
quantum optical processes, characterising heat transport
at the nanoscale, modelling exciton-phonon interactions
∗ janet@qipc.org
in a optically-driven quantum dots [22] and establishing
the dynamics of bio-chemical processes [23]. But apart
from pure quantum technologies, such as quantum com-
puting, few standard technologies have so far required
the use of advanced open quantum systems models to
understand and optimise nanoscale thermodynamic fea-
tures including coloured noise, non-Markovianity, and
quantum effects.
Meanwhile, in the field of magnetism, research is ad-
vancing on how to model the spin dynamics observed in
magnetic materials that are increasingly engineered and
manipulated at the nanoscale [31]. For over 50 years,
magnetic behaviour at scales of order 10nm and above
has been modelled [25, 26] using the phenomenological
Landau–Lifshitz–Gilbert (LLG) equation for the magne-
tization M ,
∂M
∂t
= γM ×
[
Beff − ηG ∂M
∂t
]
, (1)
where Beff is an effective magnetic field which includes
the external field [73], exchange and anisotropy effects,
as well as stochastic magnetic noise b ∝ √T stemming
from an environment at temperature T that was added
by Brown [74] in 1963 [27]. The final term on the right of
the LLG equation (1) is the so–called “Gilbert damping”
term and the positive constant ηG is the damping param-
eter [75], or rewritten as ηG = η/|M ||γ| with a unit-free
η. Gilbert damping is not derived from microscopic prin-
ciples, but chosen as the simplest term that could serve
to align the magnetic moment with the applied field [28].
The resulting non-linear LLG equation (1) has been very
successful in predicting the behaviour of many materi-
als and has been the work horse of much of magnetism
research. It is assumed in most micromagnetic simula-
tions [29, 30] and atomistic spin model simulations of
magnetic nanomaterials based on the LLG equation pre-
dict a plethora of complex magnetization effects such as
surface anisotropy, ultrafast laser-induced spin dynamics,
exchange bias, and microstructural effects [31].
But Gilbert damping in the LLG equation is param-
eterized by just a single number, and recent evidence
is mounting that this number alone fails to capture the
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2details of the spins’ interactions with the lattice and elec-
tron motion [32]. Ultrafast probing of the magnetization
dynamics has been an active area of research since the
pioneering work of Beaurepaire et al. [33], and depending
on the timescale of the magnetization dynamics, differ-
ent damping regimes have been found [34]. An ‘iner-
tial’ correction to the Gilbert damping that depends on
the second time derivative of the magnetization [35], as
well as the inclusion of a damping kernel in the LLG
equation that depends on an integral over the entire
past magnetization behaviour have been discussed [36–
39] and first measurements have accessed kernel proper-
ties [40, 41]. However, these studies have not considered
how the noise may have to change from the standard
white magnetic noise that is included in the effective
magnetic field in the LLG equation (1). Meanwhile, re-
cently it has been proposed that to reproduce the ex-
perimentally measured dependence of magnetization on
temperature, the stochastic noise included in the effec-
tive field Beff should have a quantum distribution rather
than the classical Boltzmann one [42–44]. However, the
quantum noise considered in these studies vanishes at
low temperatures, whereas the full Bose-Einstein dis-
tribution has nonzero quantum fluctuations even at T
= 0K. Early attempts to generalise the LLG equation
beyond Gilbert damping have pursued a path integral
derivation of a quantum spin dynamics equation [45], as
well as other conceptually related classical and quantum
derivations [46, 47]. These derivations were not directly
applied to the calculation of magnetization dynamics or
steady states, nor have they been connected with the
aforementioned recent generalizations of Gilbert damp-
ing. Other pioneering investigations have discussed the
effect of coloured noise and non-Markovian effects on the
ultrafast demagnetization rate [48], while not requiring
the fluctuation-dissipation theorem (FDT) to hold and
not including quantum effects.
Here we integrate the above ideas into a single
quantum-thermodynamically consistent theory suitable
to describe the dynamics of spins (macroscopic or micro-
scopic) in magnetic materials beyond the LLG equation,
including arbitrary non–Markovian damping and quan-
tum fluctuations at zero temperatures. To do so we
develop a versatile open quantum system model that
describes the physics of spins that may interact with
each other and an external field, but additionally inter-
act in all three dimensions with environmental degrees
of freedom, with the coupling parameterized via a fre-
quency dependent coupling tensor Cω. The coupling to
the reservoir allows energy to be lost from the spin sys-
tem, while retaining a Hamiltonian description of this
dissipative system enables an otherwise impossible quan-
tization of the problem [24]. We show that because
dissipation and noise are both linked to the coupling
tensor, the emerging spin dynamics equation is always
guaranteed to fulfil the fluctuation-dissipation theorem
(FDT) when the environment is in equilibrium at tem-
perature T , while the spin system may be arbitrarily far
from equilibrium. We further introduce a single reso-
nance Lorentzian coupling, allowing a systematic study
of dynamical and steady state effects of the spins in the
standard LLG equation regime as well as non-LLG-like
regimes. Furthermore, we present numerical results for
a single classical spin that illustrate the differences be-
tween spin dynamics and steady states governed by equa-
tions with non-trivial memory, coloured noise, and quan-
tum fluctuations in comparison to the predictions of the
memory–less, white noise-driven and classical LLG equa-
tion.
We conclude that the proposed open system model
and resulting spin dynamics equation provide a quan-
tum thermodynamically consistent and general method
for exploring spin dynamics beyond the standard LLG
equation. Unlike the conceptually pioneering Caldeira-
Leggett model that has few experimental realisations,
the proposed three-dimensional quantum spin model is
directly relevant for ultrafast magnetism experiments,
large magnetic field experiments, multiple bath mod-
els of spin dynamics, and systems exhibiting anisotropic
damping. Moreover, the equation will also be relevant
for current and near future technological improvements
of magnetic data storage (hard drives) that push to in-
creasingly small scales and ultrafast speeds.
RESULTS
Hamiltonian and equations of motion
We begin by introducing the quantized Hamiltonian
describing the different contributions to the total energy
of the system, consisting of spins as well as environmen-
tal degrees of freedom (e.g. electrons and phonons),
given by
Hˆ = HˆS + HˆR + Vˆint, (2)
where HˆS is the bare spin Hamiltonian operator which
captures the spin energy in external fields and interac-
tions between spins, HˆR is the environmental or reser-
voir Hamiltonian, and Vˆint is the interaction between the
spins and the reservoir. We choose HˆS to include the
exchange interaction between discrete spin vector opera-
tors Sˆ
(n)
= (Sˆ
(n)
1 , Sˆ
(n)
2 , Sˆ
(n)
3 ) at sites n of a lattice [76],
HˆS = −γ
∑
n
Sˆ
(n) ·Bext − 1
2
∑
n 6=m
Sˆ
(n) · J (nm) · Sˆ(m). (3)
Here J (nm) is the exchange tensor which can include
the Dzyaloshinskii-Moriya interaction [31] and Bext is
a homogeneous external magnetic field [77]. Note that
instead of the magnetization M used in (1), we will here
work with the spin angular momentum S proportional
to M , M = γS, where γ is the gyromagnetic ratio.
In the following we will assume the gyromagnetic ratio
−geµB/~ = −1.76 × 1011s−1T−1 for an electron. It is
straightforward to include additional energetic terms in
the bare spin Hamiltonian, such as energies associated
with magnetic anisotropy.
The reservoir Hamiltonian is commonly modelled as
a set of harmonic oscillators [24, 49], and we here fol-
low the continuous reservoir approach by Huttner and
Barnett [49], taking the reservoir Hamiltonian as
HˆR =
1
2
∑
n
∫ ∞
0
dω
[(
Πˆ
(n)
ω
)2
+ ω2
(
Xˆ
(n)
ω
)2]
. (4)
3It describes a continuous frequency reservoir at each lat-
tice site n, where Πˆ
(n)
ω and Xˆ
(n)
ω are (three-dimensional)
momentum and position operators of the reservoir oscil-
lator with frequency ω. The position operators Xˆ
(n)
ω
physically represent variations in the environment to
which the spin at site n responds, see illustration Fig. 1,
equivalent to, for example, magnon–phonon mediated
loss [50]. Setting the spin-reservoir interaction of the
form
Vˆint = −γ
∑
n
Sˆ
(n) ·
∫ ∞
0
dω C(n)ω · Xˆ
(n)
ω , (5)
allows angular momentum transfer between the spins and
the environment. The environment acts as a storage of
energy, which can be exchanged with the spin system
[78]. Here C(n)ω is a coupling tensor, which can be inho-
mogenous in space, and a function of frequency ω, allow-
ing it to weight the coupling of each spin to its reservoir
oscillators at various ω and thus acting as a frequency
filter. As we shall see, the choice of the coupling C(n)ω
will determine the damping of the spin dynamics as well
as the stochastic noise experienced by the spin.
Having set up the full Hamiltonian (2) of the spins
and environment degrees of freedom allows the study of
the spins’ reduced state dynamics ρˆS(t) = trR [ρˆSR(t)]
of the total state
ρˆSR(t) = e
iHˆt/~ (ρˆS(0)⊗ ρˆR) e−iHˆt/~, (6)
where the reservoir state ρˆR = e
−βHˆR/tr[e−βHˆR ] is ther-
mal at some inverse temperature β = 1/kBT . In what
follows it will be more convenient to work instead in the
Heisenberg picture where the state is stationary, ρˆSR(0),
while the time dependence of an operator Oˆ(t) is gov-
erned by the commutator dOˆ(t)/dt = (i/~)[Hˆ, Oˆ(t)].
Expectation values at time t can then be obtained as
tr[ρˆSR(t) Oˆ(0)] = tr[ρˆSR(0) Oˆ(t)]. (7)
Using the standard commutation relations for the spin
operators (and orbital angular momentum operators
in general), [Sˆ
(n)
j , Sˆ
(m)
k ] = i~ δmn
∑
k jklSˆ
(n)
l , and
for the position/momentum operators, [Xˆ
(n)
ω,j , Πˆ
(m)
ω′,k] =
FIG. 1. Illustration of Hamiltonian model. In addition to
precessing in an external field Bext, and coupling to its spin
neighbours m with strength J (nm), each spin Sˆ(n) couples
to its environmental mode (phonons, electrons) at frequency
ω with a coupling function C(n)ω . All environmental modes
are assumed to be thermal at the same temperature T .
i~ δnm δjk δ(ω − ω′), we obtain the following equations
of motion for the spin operators Sˆ
(n)
(t)
dSˆ
(n)
dt
= Sˆ
(n)×
γ (Bext + Bˆ(n)env)+ ∑
m 6=n
J¯ (nm) · Sˆ(m)
 ,(8)
where J¯ (nm) = (1/2)[J (nm) + (J (mn))T] is the sym-
metrized exchange tensor and Bˆ
(n)
env =
∫∞
0
dω C(n)ω · Xˆ(n)ω
is a magnetic field operator generated by the reservoir os-
cillator positions Xˆ
(n)
ω at site n. In turn, the equations
of motion for these operators are
d2Xˆ
(n)
ω
dt2
+ ω2Xˆ
(n)
ω = γ C(n) Tω · Sˆ
(n)
, (9)
i.e. the reservoir oscillators are driven by the motion of
the spins, with the (transposed) coupling tensors C(n) Tω
governing the degree of driving for each of the continuum
of oscillators. We assume retarded boundary conditions
so that the reservoir responds only to the past behaviour
of the spins. The retarded Green function, Gω(t− t′) =
Θ(t−t′) sin(ω(t−t′))/ω obeys (∂2t +ω2)Gω = δ(t−t′),
and Eq. (9) can then be solved exactly by
Xˆ
(n)
ω (t) =
√
~
2ω
(
aˆ(n)ω e
−iωt + aˆ(n) †ω e
+iωt
)
+ γ
∫ ∞
−∞
dt′Gω(t− t′) C(n) Tω · Sˆ
(n)
(t′). (10)
Here, aˆ(n)ω and aˆ
(n) †
ω are (vectors of) bosonic ladder op-
erators with their components obeying [aˆ
(n)
ω,j , aˆ
(m) †
ω′,k ] =
δnm δjk δ(ω − ω′). Classically these correspond to the
two integration constants for the differential equation
(9) which set the initial amplitude and velocity of the
oscillator.
Generalised spin dynamics equation fulfilling the FDT
Substituting the reservoir solutions (10) into the equa-
tions of motion for the spins (8), we finally obtain the
generalised quantum spin dynamics equation,
dSˆ
(n)
(t)
dt
= Sˆ
(n)
(t)×
[
γBext +
∑
m 6=n
J¯ (nm) · Sˆ(m)(t)
+ γ bˆ
(n)
(t) + γ2
∫ t
−∞
dt′K(n)(t− t′) · Sˆ(n)(t′)
]
, (11)
which in the full quantum setting needs to be expressed
in Hermitian form [79]. Here we have defined the mag-
netic noise operator for site n that plays the role of the
stochastic noise first described by Brown [27],
bˆ
(n)
(t) =
∫ ∞
0
dω
√
~
2ω
C(n)ω ·
(
aˆ(n)ω e
−iωt + aˆ(n) †ω e
+iωt
)
, (12)
which here arises from the spin’s interaction with its
reservoir. Furthermore the damping of the spin is en-
coded in the kernel tensor K(n)(t−t′), which for τ = t−t′
4is given by
K(n)(τ) = Θ(τ)
∫ ∞
0
dω
C(n)ω · C(n) Tω
ω
sin (ωτ) , (13)
with Θ the Heaviside function which makes the spin’s
dynamics at time t a function of the spin’s state at pre-
vious times t′ < t, as evident from Eq. (11). Hence,
choosing a particular coupling tensor C(n)ω will result in a
specific kernel tensor K(n) and a specific stochastic mag-
netic field bˆ
(n)
[80]. Before showing that the standard
classical stochastic Landau-Lifshitz-Gilbert equation (1)
is recovered for a specific choice of C(n)ω , we first prove
that the signatures of the reservoirs, bˆ
(n)
and K(n), ful-
fil the fluctuation-dissipation theorem for any choice of
C(n)ω .
The reservoir power spectrum P˜ (ω) is defined as the
(quantum symmetrised [81]) expectation value of the
autocorrelation function of the magnetic noise bˆ
(n)
(t) in
the thermal reservoir state ρˆR = e
−βHˆR/tr[e−βHˆR ], and
then taking the Fourier transform from the time to the
frequency domain [82], i.e.
P˜
(nm)
jk (ω) =
∫ ∞
−∞
dτ eiωτ
〈{
bˆ
(n)
j (t), bˆ
(m) †
k (t− τ)
}〉
β
2
, (14)
where {. , .} is the anti-commutator. Inserting (12),
one finds that the only non-trivial contributions to
this expression come from the bosonic ladder operator
expectation values 〈{aˆ(n)ω,l , aˆ(m) †ω′,l′ }〉β = δnm δll′ δ(ω −
ω′) coth(β~ω/2). Meanwhile by Eq. (13) the square of
the coupling tensor, C(n)ω · C(n) Tω , is related to the imagi-
nary part of the Fourier transform of the damping kernel
K(n)(τ), i.e. C(n)ω · C(n) Tω = 2ω Im[K˜(n)(ω)]/pi. Hence
one obtains for all choices of the interaction tensor C(n)ω
in Eq. (5) the quantum fluctuation-dissipation theorem
(FDT)
P˜
(nn)
jk (ω) = ~ Im[K˜(n)jk (ω)] coth
β~ω
2
, (15a)
P˜
(nn)
jk (ω) '
2kBT
ω
Im[K˜(n)jk (ω)] for kBT 
~ω
2
,(15b)
where the last line is the well-known classical high-
temperature (or low frequency) approximation, and the
first line is the low-temperature limit where the Bose-
Einstein distribution of the bath oscillator modes be-
comes important [83].
To summarise, based on the Hamiltonian Hˆ in (2)
that describes the interactions between spins and en-
vironment degrees of freedom, we have derived a spin
dynamics equation, Eq. (11), that is fully quantum and
can include non-white noise and memory effects. The
spin-environment coupling functions Cω act as effective
frequency filters, weighting the interaction with some en-
vironmental modes more heavily than others, and com-
pletely determine the damping (13) and magnetic noise
(12). Consequently these are always correctly linked to
obey the FDT (15a), which is essential for consistent
atomistic simulations of magnetic materials.
For simplicity we will restrict the following discussion
to scalar coupling functions Cω, i.e. isotropic tensors
proportional to the three-dimensional identity matrix 1,
Cω = Cω 1, and the focus will be on the dynamics
of a single classical spin S. Furthermore, since the
units of Cω are rather non-trivial, T/(Js)
1/2, we will of-
ten use the rescaled unit-free coupling function cω =
Cω
√|S|/|Bext|, as well as a rescaled unit-free mem-
ory kernel k(τ) = K(τ) |S|/|Bext|2 and power spectrum
p˜(ω) = P˜ (ω)ωL|S|/|Bext|2~, where ωL = |γBext| is
the free Larmor frequency (the external field sets the
timescale of the precession dynamics). Here |S| is the
absolute value of the spin vector S which is constant
under Eq. (11), since
d|S(t)|2
dt
= 2S(t) · dS(t)
dt
= 2S(t) · S(t)× [...] = 0. (16)
The standard LLG equation limit and inertial terms
We now show that Eq. (11) takes the form of the
standard LLG equation (1) with Gilbert damping when
the coupling function is chosen as linear in frequency, i.e.
the “LLG coupling” function is
cLLGω =
√
2η cos(ω+)
pi
ω
ωL
, (17)
with a positive and unit-free damping constant η for all
sites n, and + an infinitesimal positive time. In the open
quantum systems literature such linear coupling func-
tions are referred to as “Ohmic”, while coupling func-
tions proportional to higher and lower powers of ω are
called super- and sub-Ohmic, respectively. The corre-
sponding kernel is close to instantaneous, kLLG(t− t′) =
η
ω2L
∂t′δ(t
−−t′) where t− = t−+ is a time infinitesimally
delayed into the past of t ensuring that the response is
causal. For this coupling choice the damping term in
Eq. (11) reduces to
γ2
|Bext|2
|S|
∫ t
−∞
dt′
η
ω2L
∂t′δ(t
− − t′)S(t′)
= − η|S|∂t−S(t
−), (18)
recovering exactly the standard Gilbert damping term,
proportional to −∂tS(t), in (1). Moreover, for the LLG
coupling cLLGω the power spectrum of the noise for each
spin component j = x, y, z becomes
p˜LLGqu (ω) =
η~ω
~ωL
coth
(
β~ω
2
)
, (19a)
kBT  ~ω : p˜LLGcl (ω) = η
2kBT
~ωL
, (19b)
where the full quantum noise is included in (19a). In the
high-temperature limit, (19b), the power spectrum has
become a constant in frequency and hence the power
spectrum is classical white noise, i.e. all frequencies are
equally present.
As we discuss in the next section, the LLG coupling
function cLLGω can only be an approximation to the real
5dynamics. To highlight how the modified spin dynamics
equation (11) deviates from the standard LLG equation,
one can expand the n-th spin vector (operator) at time
t′ in Eq. (11) around the end point of the integration to
arbitrary order, Sˆ
(n)
(t′) ≈ Sˆ(n)(t)+(t′−t)∂tSˆ(n)(t)+....
For any scalar kernel the damping term in the general
spin dynamics equation becomes
Sˆ
(n)× γ2
∫ t
−∞
dt′K(n)(t− t′) Sˆ(n)(t′) (20)
= κ
(n)
1 Sˆ
(n)× ∂tSˆ(n)+ κ(n)2 Sˆ
(n)× ∂2t Sˆ
(n)
+ ... ,
where κ
(n)
m = γ2
∫∞
0
dτ (−τ)mK(n)(τ)/m! are constants
proportional to the mth one–sided moment of the damp-
ing kernel K(n)(τ). When the kernel has short memory,
i.e. it decays to zero over a timescale τd shorter than
the timescale of the spin dynamics, the higher moments
in the expansion above will be negligible. Only the first
term with moment κ
(n)
1 contributes to (11) and this re-
covers precisely the Gilbert damping term [28] in the
standard LLG equation. However, if such separation of
time scales is not applicable, then the second moment
gives an inertial correction [35] and continuing the ex-
pansion leads to an infinite series of additional terms
that become increasingly important as the timescale of
the magnetization dynamics becomes closer to τd. Such
inclusion of higher order derivatives ∂mt Sˆ
(n)
for m > 1
generates dynamics that will fundamentally differ from
that produced by the standard LLG equation. The im-
pact of expansions of arbitrary damping kernels on the
spin dynamics has recently been discussed [36–39] while
no modification to the stochastic noise term was con-
sidered. In contrast, here we derived the explicit form
(13) for the damping kernel K(n)(t− t′), starting from a
full spin-reservoir quantum Hamiltonian (2), and showed
what coloured noise power spectra are required such that
the FDT (15) is satisfied.
Lorentzian coupling
While Eq. (11) is valid for any coupling function, it will
be instructive to discuss specific choices in detail. The
LLG coupling cLLGω can only be an approximation to the
real dynamics since a linear, i.e. ever increasing, coupling
to environment modes with increasing frequencies ω, at
which the spins cannot respond, is unphysical [24, 51].
In practice the coupling to the environmental modes de-
scribes the physical coupling of the spins to the lattice
phonons or the effect of conduction electrons scattering
off the spins. Physically reasonable is to assume a cou-
pling of the spins to environmental degrees of freedom
that may increase linearly for small ω (hence the LLG
equation is a good approximation for slow dynamics),
peaks at some resonance frequency ω0 (or shows multi-
ple peaks), before decaying to zero for large ω (i.e. the
environment cannot respond to infinitely fast changes to
the magnetization direction). Here we introduce a class
of coupling functions that has these properties, of the
form
cLorω =
√
2αΓ
pi
ω2
(ω20 − ω2)2 + ω2Γ2
, (21)
parametrised by positive frequencies ω0, α and Γ, which
we call “Lorentzian coupling” since their corresponding
damping kernel in the frequency domain is the widely
studied Lorentzian response
k˜Lor(ω) =
α
(ω20 − ω2 − iωΓ)
, (22)
which as the Fourier transform of the unit-free kLor(τ),
see below, has units of time (s). This form of damping
kernel is typical in linear response theory and corresponds
to the environment response exhibiting a resonance at
frequency ω0, with a width proportional to Γ. In the
time-domain the unit-free memory kernel is
kLor(τ) = Θ(τ)α e−Γτ/2
sin(ω1τ)
ω1
, (23)
where Γ is identified as the memory kernel decay rate,
ω1 =
√
ω20 − Γ2/4 is its frequency and α its amplitude.
From the quantum FDT (15a) it follows that the corre-
sponding unit-free Lorentzian power spectrum is
p˜Lorqu (ω) =
αΓωL ω
(ω20 − ω2)2 + ω2Γ2
coth
β~ω
2
. (24)
For all Lorentzian kernels the Gilbert damping contribu-
tion in Eq. (20) is
κ(1) = −γ2αΓ
ω40
|Bext|2
|S| = −
αΓω2L
ω40
1
|S| , (25)
where we have used the unit-free kLor(τ) and included
the full kernel units. Comparison with (18) implies that
the three Lorentzian kernel parameters combine to a sin-
gle Gilbert damping parameter αΓω2L/ω
4
0 = η. Further-
more, for small frequencies in comparison to the reso-
nance frequency ω0, i.e. ω  ω0, the Lorentzian cou-
pling is approximated linearly by
cLorω ≈
√
2αΓ
pi
ω2
ω40
=
√
2η
pi
ω
ωL
= cLLGω , (26)
and similarly the Lorentzian power spectrum is approx-
imated well by the LLG power spectrum, (19). In con-
trast, bringing the resonant frequency ω0 closer to the
typical values of ω in the spin dynamics, i.e. values
∼ ωL, will invalidate an LLG approximation and al-
low investigating the dynamical impact of deviations
from Gilbert damping. Additionally, at temperatures
T ≤ ~ωL/kB deviations from the white noise assump-
tion can be observed, as discussed below.
We will illustrate the differences between Lorentzian
and LLG coupling, kernel and noise, and their impact
on spin dynamics and thermal magnetization in several
plots below. To investigate LLG versus non–LLG like
behaviour, we choose two parameter sets
Set 1): ω0 = 7.0ωL, α = 10ωL, Γ = 5ωL, (27a)
Set 2): ω0 = 1.4ωL, α = 0.16ωL, Γ = 0.5ωL. (27b)
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FIG. 2. Coupling functions cω with corresponding memory kernels k(t− t′) and power spectra p˜(ω). Column a+b): Coupling
functions cLorω parametrised with Set 1 (blue, top panel) and Set 2 (red, bottom panel) as a function of frequency ω scaled
by the Larmor frequency ωL = |Bextγ| where |Bext| = 10T and γ is the electron gyromagnetic ratio. Also shown in a+b) is
cLorω ’s low frequency linear approximation corresponding to the standard LLG coupling c
LLG
ω (magenta). Note that Sets 1 and
2 share the same η = 0.02 and their cLorω s have the same LLG coupling approximation (magenta) in a) and b). Column c+d):
Lorentzian memory kernels kLor(t − t′) corresponding to the coupling functions cLorω in a+b), respectively, showing that the
kernels have different memory times. Column e+f): Power spectra p˜Lorqu (ω) (blue and red) at T = 1K linked by the quantum
FDT (15a) to the memory kernels kLor(t − t′) in c+d), respectively. Also shown in e+f) is the classical white noise power
spectrum, p˜LLGcl = 2ηkBT/~ωL = 0.003 (magenta) corresponding via the classical FDT (15b) to the LLG coupling shown
in a+b) (magenta), respectively. This is the power spectrum commonly used in the LLG equation. Also shown in e+f) is
p˜LLGqu (cyan dotted), i.e. noise that includes the quantum Bose-Einstein distribution of the reservoir modes, see the quantum
FDT (15a). Column g+h): Lorentzian power spectra p˜Lorqu (ω) (blue and red) and their common associated low frequency LLG
approximation with classical noise p˜LLGcl (magenta) and quantum noise p˜
LLG
qu (ω) (cyan) as in e+f) but for T = 200K.
Set 1 has a resonant frequency ω0 that is much larger
than the characteristic precession frequency ωL. Con-
sequently Eq. (26) will be a good approximation, and
the damping will be LLG–like. Set 2 exhibits a reso-
nant frequency comparable to the precession frequency,
where Eq. (26) represents a poor approximation, and
the damping will be non–LLG like. The two Lorentzian
parameter sets are also chosen such that they give the
same η, i.e. η = 0.02, and hence both Lorentzian mem-
ory kernels kLor(t − t′) have the same first order (LLG)
approximation, while higher order terms will deviate. All
plots using parameter Set 1 (Set 2) will be shown in blue
(red) in Figs. 2-5.
The four columns in Fig. 2 show the Lorentzian cou-
pling functions cLorω , memory kernels k
Lor(t − t′), and
the power spectra p˜Lor(ω) at low and high temperatures,
for the two parameter sets, Set 1 (top, blue) and Set 2
(bottom, red). For the Lorentzian with parameter Set
1 the peak frequency ω0 = 7ωL is large compared to
typical spin dynamics frequencies ω ∼ ωL, and because
of (26) we expect the coupling function cLorω to be well-
approximated by the linear LLG coupling cLLGω . Indeed
Fig. 2a) shows a Lorentzian coupling that is approxi-
mately linear for the relevant frequency range (ω ∼ ωL),
and Fig. 2c) shows that the Lorentzian noise kernel is
approximately instantaneous in time, as assumed in the
standard LLG equation, with a memory time roughly es-
timated as 3ω−1L = 1.7 × 10−12s. Fig. 2g) shows that
at higher temperatures, the Lorentzian power spectrum
p˜Lor for frequencies ω ∼ ωL may be approximated by
the flat white noise spectrum p˜LLGcl , thus recovering the
LLG equation assumptions. But at low temperatures, as
can be seen in Fig. 2e), while the Lorentzian power spec-
trum p˜Lor (blue) is well-approximated by the full quantum
noise power spectrum for the LLG coupling p˜LLGqu (cyan),
both deviate markedly from the flat white noise spectrum
p˜LLGcl (magenta) that is widely used in micromagnetic and
atomistic simulations [29–31].
In contrast, the Lorentzian coupling with parameter
Set 2 has a peak frequency ω0 = 1.4ωL comparable to
the free Larmor frequency, as shown in Fig. 2b), and this
implies that a linear LLG approximation for frequencies
ω ∼ ωL fails. Another consequence of this non-LLG-
like Lorentzian coupling is that the corresponding kernel
now contains memory effects. Fig. 2d) shows the mem-
ory kernel which shows oscillations over a much longer
memory time of approximately 15ω−1L = 8.5 × 10−12s.
Due to the FDT, this memory kernel implies a coloured
noise power spectrum p˜Lor, that differs from the quan-
tum LLG power spectrum p˜LLGqu even at low temperatures,
shown in Fig. 2f). Fig. 2g) shows that p˜Lor differs very
significantly from the classical LLG power spectrum p˜LLGcl
even at high temperatures. The presence of a memory
kernel and coloured quantum noise for the Lorentzian
with parameter Set 2 are both signatures of a thermo-
stat that substantially deviates from the standard LLG
assumptions and, as we will see, leads to markedly differ-
ent short time dynamics and steady state magnetization.
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FIG. 3. Stochastic short-time spin dynamics according to Eq. (11). Example of stochastic short-time dynamics of Sz/S0
(blue in top panel & red in bottom panel), Sx/S0 (green) and |S|/S0 (black dashed) for Lorentzian coupling functions cLorω
of a single classical spin, initially in state S = (1, 0, 0)S0, under the generalised spin dynamics equation (11). Shown are
the dynamics for Set 1 (top) and Set 2 (bottom), and two spin+temperature pairs: S0 = 1~/2 and T = 1K (left), and
S0 = 200~/2 and T = 200K (right). Also shown in all four sub-figures are the Sz/S0-dynamics according to the standard
LLG equation with damping parameter η = αΓω2L/ω
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0 ≈ 0.02 being the same for both parameter sets (27), and for two types
of noise: the classical flat white noise power spectrum p˜LLGcl (ω) (magenta) and the quantum noise power spectrum p˜
LLG
qu (ω)
(cyan). For comparability, the same stochastic noise seed is used in all plots. Because of the proportional choice of S0 and
T , the standard LLG equation with classical noise (magenta) gives the same prediction in all four sub-figures. The cyan
and magenta curves are off-set by +0.05 and +0.1, respectively, in all plots to avoid overlapping. Magnetic field is set to
Bext = (0, 0, 10T) and simulation time interval is dt = 0.15ω
−1
L .
Simulations with coloured noise and memory kernel
Our central result is Eq. (11), which is an operator
equation for each spin in a lattice. This is a very difficult
equation to solve, even numerically, and extracting e.g.
a magnetization curve from this full quantum descrip-
tion is left for future work. To make progress, and to
illustrate some simple cases we neglect the exchange in-
teraction and assume Sˆ
(n)
and bˆ
(n)
are classical vectors
with the latter a stochastic field obeying the quantum
fluctuation–dissipation theorem (15a).
Numerical implementation of the general spin-
dynamics equation (11) for classical spin vectors requires
both the integration of the kernel with the spin state of
previous time steps and the inclusion of coloured noise
as follows [52]. Assuming any scalar kernel K(n)(t − t)
for spin n, the three vector components b
(n)
j (t) for j =
1, 2, 3 of the magnetic noise (12) for spin n are imple-
mented as b
(n)
j (t) =
∫∞
−∞dt
′ F (n)(t − t′) ξ(n)j (t′), where
ξ
(n)
j (t
′) is standard white Gaussian noise generated for
the j-th component of spin n, which is delta correlated
〈ξ(n)j (t) ξ(m)k (t′)〉 = δnm δjk δ(t − t′). The “coloured
noise” comes from choosing F (n)(t − t′) as the Fourier
transform of the square root of the power spectrum as-
sociated with the kernel through (15), i.e. F (n)(t−t′) =∫∞
−∞
dω
2pi e
−iω(t−t′)
√
P˜ (n)(ω) which can be implemented
using a fast Fourier transform. To simulate the effect
of a damping kernel of Lorentzian form in frequency-
picture, given above, we numerically integrate [54] the
following set of first order coupled differential equations
for the spin vector S and two dummy vectors V and W :
dS(t)
dt = γS(t)×(Bext+b(t)+V (t)), dV (t)dt = W (t) and
dW (t)
dt = −ω20V (t)− ΓW (t) + αγS(t). The integrated
values of the dummy vectors and the spin are separated
by the time step dt. As has been pointed out to us by P.
Kinsler, solving these equations is equivalent to solving
the integro–differential equation (11) for a Lorentzian
kernel, but is numerically more straightforward to imple-
ment.
To illustrate the differences between the general spin
dynamics equation and the standard LLG equation, the
short time dynamics according to Eq. (11) is shown in
Fig. 3 for two Lorentzian kernels and a single spin (i.e.
no exchange interaction). The spin is assumed to belong
to either a single electron, i.e. S0 = 1~/2 (left), or to a
mesoscopic cluster of spins with a combined larger effec-
tive spin, e.g. S0 = 200~/2 (right). For the sake of com-
parability, we use the same white noise time series as a
seed for producing the stochastic magnetic noise (either
white noise or coloured noise) for all traces. Fig. 3 shows
that while the Lorentzian coupling with parameter Set 1
(top, blue) produces stochastic dynamics of Sz similar to
that generated by the standard LLG equation with quan-
tum noise (cyan), the stochastic dynamics generated by
the Lorentzian coupling with parameter Set 2 (bottom,
red) deviates strongly from that of the LLG equation
(cyan). As expected, the stochastic dynamics according
to the standard LLG equation with classical noise (ma-
genta) coincides with the LLG equation with quantum
noise (cyan) at higher temperatures (right), but at lower
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FIG. 4. Ensemble average spin dynamics according to Eq. (11). Relaxation dynamics of sign(γ)〈Sz〉/S0 of a single
classical spin, initially in state S = (1, 0, 0)S0, averaged over 500 stochastic traces up to time tmax = 2pi × 48ω−1L , for two
spin+temperature pairs: a) S0 = 1~/2 and T = 1K, and b) S0 = 200~/2 and T = 200K. Shown are the ensemble-averaged
dynamics for Lorentzian coupling functions cLorω for Set 1 (blue) and Set 2 (red), as well as the ensemble-averaged dynamics
according to the standard LLG equation with η = 0.02 with full quantum noise (cyan) and the classical noise approximation
(magenta). Note that blue, cyan and magenta curves lie on top of each other in b). The external magnetic field is set to
Bext = (0, 0, 10T), the simulation time interval is dt = 0.15ω
−1
L .
temperatures (left) differences are clearly visible. Due to
the high frequency content of the power spectrum for
the LLG-like Lorentzian parameter Set 1, the dynamics
varies more rapidly in time than for the non-LLG-like pa-
rameter Set 2, as can be seen in Fig. 3a-d). The spin
component Sx and the spin-vector length |S| are also
plotted in Fig. 3a+c) for the Lorentzian coupling with
Set 1, and in Fig. 3b+d) for Set 2, and confirm that
the numerical integration of Eq. (11) leads to a constant
spin-vector length |S|/S0 = 1, i.e. no renormalisation is
required.
Fig. 4 shows the normalised magnetization,
sign(γ) 〈Sz〉/S0, as an ensemble average over 500
separate time integrations of Eq. (11) for the two
Lorentzian coupling functions, cLorω , for parameter Set
1 and Set 2, as well as the LLG coupling function cLLGω
with quantum noise p˜LLGqu and classical noise p˜
LLG
cl with
the environment at temperature T . The two sub-panels
show the dynamics for two pairs of spin vector length
and temperature values: a) S0 = 1~/2 and T = 1K,
and b) S0 = 200~/2 and T = 200K. For the single
electron spin (S0 = 1~/2) we find that when the full
quantum noise is included, the normalised steady state
magnetization at T = 1K lies much lower than 1,
roughly at around 0.25, for both Lorentzian couplings
and the LLG coupling. The standard LLG equation
with the classical noise approximation gives a much
higher value of ca 0.85, which clearly indicates that
this high-temperature limit is not justified here. The
reduced steady state magnetization at low temperatures
resulting from non-zero quantum noise is further
discussed below.
In contrast, for the semi-classical, mesoscopic spin,
S0 = 200~/2, the normalised steady state magnetization
settles at 0.85 for all four parameter sets at T = 200K.
Because of the proportional choice of S0 and T for the
two pairs, the standard LLG equation with classical noise
must give the same time-average magnetization predic-
tion in a) and b). We highlight that the timescale of
decay to the steady state for the larger spin (b), shows
a quicker convergence for the Lorentzian coupling with
parameter Set 2, on a timescale of ca. t = 12piω−1L ,
compared to the other three curves which converge on a
timescale of ca. t = 36piω−1L . This is a non-Markovian
effect that arises because the Lorentzian memory ker-
nel for Set 2 has an appreciable memory over time, see
Fig. 2d), while the other memory kernels are (close to)
instantaneous. This quicker equilibration occurs because
the non-Markovian kernel leads to a smoother dynamics
which in turn is more quickly sampled by the dynamical
system.
Finally, Fig. 5 shows the steady state normalised mag-
netization, sign(γ) 〈Sz〉/S0, evaluated for a single spin
as a function of temperature T , found by integrating
the spin dynamics equation (11) and time-averaging the
Sz value over later dynamics times, from 0.75 ∗ tmax
to tmax = 2pi × 7200ω−1L . Fig. 5a) for a single elec-
tron with S0 = 1~/2 shows that the normalised mag-
netization for dynamics run at low temperatures with
the Lorentzian couplings cLorω for Sets 1 and 2 lie in the
range 0.2-0.4 at T = 0K, i.e., well below the usually
assumed value of 1. Fig. 5b) shows the same magneti-
zation but “renormalised’ as M(T )/M(0) so that it is
starts at 1 at T = 0K, where M(T ) = γ 〈Sz〉. This
effect arises because the power spectrum of quantum
noise p˜Lorqu , given by the FDT (15), does not decay to
zero in the limit T → 0K because quantum fluctuations
are still present. Similarly, the normalised magnetization
obtained at low T for the LLG coupling cLLGω and includ-
ing the full quantum noise p˜LLGqu also lies in the range
0.2-0.4, while when integrating the dynamics with the
classical white noise power spectrum p˜LLGcl a value of 1 is
recovered. This behaviour can be explained as follows:
Qualitatively speaking, at zero temperature and for any
coupling cω the magnitude of the z-component bz of the
stochastic magnetic noise in (11) is proportional to the
square-root of the power spectrum multiplied by a rele-
vant frequency, i.e. |bz| ≈ |Bext|
√
~pi
2|S|
c2ωωL
ω , where ω
should be taken as a typical spin dynamics frequency, e.g.
ω ≈ ωL. Even at T = 0K, this stochastic field points
with probability 1/2 in +z-direction and with probabil-
ity 1/2 in -z-direction, and competes with the external
applied field |Bext| that points in the z-direction. This
competition produces a reduced alignment of the spin
with the z-direction even at T = 0K and hence a lower
magnetization, similar to the reduced magnetization at
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FIG. 5. Magnetization versus temperature. Panel a+c) shows the time averaged normalised magnetization, sign(γ) 〈Sz〉/S0,
for the spin interacting with a reservoir at temperature T . The spin dynamics was solved with parameter Set 1 (blue crosses)
and Set 2 (red circles), and for LLG coupling cLLGω with quantum noise (cyan dashed) and with the classical noise approximation
(magenta dash-dotted). The spin lengths are a) S0 = 1~/2 and c) S0 = 200~/2. For both S0 values, the magenta curves
coincide reasonably well with the analytical thermal magnetization curve (black), derived from classical statistical mechanics
for a thermal distribution, see Appendix A. Error bars for the four simulations (blue, red, cyan, magenta) are indicated at a)
T = 1K and c) T = 200K. For the small spin (a), three (blue, red, cyan) magnetization curves sign(γ) 〈Sz〉/S0 start at
values in the range 0.2-0.4 even at T = 0K. Panel b) shows the “renormalised” magnetization M(T )/M(0) that is rescaled
from a) so that it starts at 1 at T = 0K, where M(T ) = γ 〈Sz〉. While the magenta curve remains the same as in a), the
rescaled blue, red and cyan curves now show a decay behaviour that somewhat resembles the corrected magnetization curves
for real materials analysed in [56]. The external magnetic field is Bext = (0, 0, 10T), γ is the electron gyromagnetic ratio and
the simulation time-step is dt = 0.15ω−1L .
non-zero temperatures arising from thermal fluctuations.
Due to the scaling |bz| ∝ 1/
√|S| this quantum effect
will disappear for larger spins |S|/~  1, as observed
in Fig. 5 c) for a mesoscopic spin with |S| = 200~/2.
Fig. 5 c) shows that for a mesoscopic spin of hundreds of
electron spins, |S| = 200~/2, the time-integrated mag-
netization versus temperature curve indeed largely fol-
lows the prediction from classical statistical physics, see
Appendix A, independent of whether the dynamics was
integrated with the Lorentzian coupling or with the stan-
dard LLG coupling. At the relevant temperature scale
of hundreds of Kelvin, the difference between integrat-
ing with quantum noise or classical noise also vanishes,
as expected from Fig. 2g+h). We note that numerical
uncertainties arise from the finite integration step and
finite integration time, and error bars obtained from an
ensemble of simulations are indicated at one temperature
value in a) and c) for all four magnetization curves. The
Curie temperature, which can be determined by atom-
istic simulations of multiple interacting spins, may also
show some variation when memory kernel and coloured
noise are included. While the above numerical results
give some indication of the classical to quantum transi-
tion with decreasing temperature, note that the approxi-
mation of the spin as a classical vector—while similar to
e.g. [31]—is of order ~. This is the same order at which a
numerical integration of the full quantum equation (11)
may be required, especially at low temperatures.
Before moving to the conclusion and open questions,
it is worth pointing out the close analogy between the
presented open quantum systems approach to describing
magnetization in a magnetic material and that describ-
ing electromagnetic (EM) wave propagation in a dielec-
tric material [49, 62]. Instead of trying to give a micro-
scopic description that covers all fundamental physical
interactions between EM waves and atoms in the mate-
rial, a dielectric material can be characterized in terms
of two frequency dependent susceptibilities, one for elec-
tric and one for magnetic response. Despite this semi–
empirical description, it is possible to give a Hamiltonian
description that can be quantized [49, 62] and results in
the theory of macroscopic QED, which has applications
from predicting the Lamb shift to the Casimir effect, and
can be extended to media with a non–local response in
space [63]. For magnetic materials, the role of a di-
electric’s susceptibilities is played by the frequency de-
pendent magnetic kernel tensor K˜. A significant advan-
tage of having a (quantized) Hamiltonian is that one can
unambiguously compute properties such as forces [64],
which are otherwise difficult to access.
Conclusion and open questions
Based on a quantized Hamiltonian that can describe
the dissipative interaction of spins at sites n with environ-
mental degrees of freedom, we have derived a versatile
three-dimensional spin dynamics equation. Eq. (11) is
very general: It holds in the full quantum setting where
the spins are represented by spin vector operators Sˆ
(n)
, as
well as in the semi-classical limit where classical spin vec-
tors S(n), interact with reservoir modes that have a ther-
mal Bose (i.e. quantum) distribution. As we showed the
spin dynamics’ memory kernel K(n)(t− t′) and coloured
stochastic noise bˆ
(n)
(t) are automatically linked to each
other by the fluctuation dissipation theorem (15). For
a coupling function Cω that is approximately linear at
frequencies ω close to the (bare) Larmor frequency ωL
we showed that Eq. (11) reduces to the standard LLG
equation with Gilbert damping.
As an alternative coupling function we proposed
Lorentzian coupling, which represents the simplest case
of an environment with a single damped resonance. Nu-
merical integration of Eq. (11) for different Lorentzian
parameter sets allows one to explore spin dynamics that
can be LLG–like or non LLG-like, and include classical
and quantum power spectra. Very significant differences
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in the spin dynamics, as well as steady state behaviour,
were found in Fig. 3-5. One notable numerical finding
for a large spin was that ensemble averaged equilibration
to steady state for the non LLG-like Lorentzian is much
faster than for the LLG-like dynamics, see Fig. 4. An-
other finding for a single small spin was that the steady
state magnetization even at T = 0K lies well below
S0 due to the impact of quantum noise fluctuations.
We further noted that when“renormalising” this mag-
netization curve to start at 1 at T = 0K, one obtains
curves whose overarching behaviour bears some resem-
blance with the corrected magnetization curves for real
materials analysed in [56]. Running high-end atomistic
simulations for a spin lattice including exchange interac-
tions, but using Lorentzian coupling and corresponding
quantum noise instead of the LLG coupling and classi-
cal noise, would answer if the overarching magnetization
behaviour persists for spin lattices, and to what degree
it fits to the phenomenological Kuz’min curve which in
turn approximates experimentally measured curves [71].
Regarding the speed of the numerics, we found that
the numerical treatment of quantum noise is signifi-
cantly faster/more accurate when integrating (11) with
the Lorentzian power spectrum p˜Lor rather than with
the quantum LLG power spectrum p˜LLGqu (see e.g. the
cyan error bar in Fig. 5a). This is because the peaked
Lorentzian power spectrum concentrates the noise into a
finite frequency range and this is quicker to sample than
the linearly growing LLG quantum noise power spectra,
see Fig. 2e+f).
Beyond the specific couplings discussed here, the pre-
sented theory provides a general framework for fully self–
consistent simulations of magnetization dynamics for ar-
bitrary non–Markovian damping, and opens a number of
avenues for future research at the intersection of mag-
netic materials and quantum thermodynamics.
Firstly, for particular materials of interest, more de-
tailed models of the coupling functions Cω beyond a
single Lorentzian response could be developed that are
based on a detailed understanding of the interactions be-
tween spins, phonons and electrons in the material. Fur-
thermore, coupling to optical modes could be included to
describe, for example, whispering gallery photon-magnon
coupling which leads to an effective Gilbert damping
term that can take either sign [57]. Choosing physically
motivated coupling function Cω for a specific material
and situation will allow the prediction of the material’s
ultra-fast magnetization dynamics as well as the steady
state magnetization as a function of temperature, both
aspects that may then be tested in experiment. Alter-
natively, a direct experimental characterisation of a ma-
terial’s damping kernel K that determines memory and
noise in (11) could be attempted, for example with high
field experiments such as those recently reported in [41].
Secondly, while here we focused on scalar coupling
functions Cω, equation (11) holds for any real rank-
two tensor Cω describing the spin-environment interac-
tion in three dimensions. It would be very insightful
to explore anisotropic coupling tensors that should be
suitable to describe magnetization dynamics within thin
layers [55], where one direction will be coupled differ-
ently to environmental modes than the other two. It
is also an open question to clarify the connection be-
tween the three-dimensional precession described by the
spin equation (11) and rotational Brownian motion. The
orientation of a non-symmetric rotating body behaves
analogously to the three-dimensional spin vector, and
the motion and viscosity of a gas surrounding a rotating
body simultaneously act on its motion while obeying the
FDT as discussed in recent work [65–67]. On the other
hand, a simplification of the three-dimensional model
presented here is to choose tensors that only have com-
ponents linking a single component of the spin-vector
to environmental modes. This will reduce the model
to the one-dimensional spin-boson model that has been
discussed extensively within quantum thermodynamics,
recently for example in [19].
Thirdly, the assumption could be relaxed that all reser-
voir modes at all frequencies ω and for all spins n are
thermal at the same temperature T , and instead a non–
equilibrium situation could be considered where individ-
ual modes are thermal - but at different temperatures.
This will result in spin dynamics that shuffles energy from
one mode to another. Microscopic heat transport in spin
systems could here be analysed and may highlight the dif-
ference in heat conduction between magnetic and non-
magnetic materials. Allowing different reservoir modes
to also couple to each other may enable a detailed deriva-
tion of the phenomenological two-temperature models
that are commonly used to describe coupled tempera-
ture changes of environmental phonons and electrons.
For example, the possibility of different phonon modes,
each with their own temperature, to couple with differ-
ent strengths to the electrons has recently been analysed
in [58] for a magnetic system excited by an ultra-short
laser pulse. Furthermore, in deriving the FDT we have
assumed bosonic environmental modes but it would be
interesting to identify changes to equation (11) that arise
when the spins couple directly to electrons, or fermionic
modes in general [59–61].
Finally, beyond the quantum character of the reser-
voir, it would be interesting to numerically solve the full
quantum dynamics according to (11), including spin op-
erators interacting with neighbouring spin operators. At
low temperatures one can expect entanglement between
the spins being present during the short-time dynam-
ics, and even in steady state [68–70]. Unfortunately,
evaluating such properties will very quickly become a
numerically hard problem, requiring advanced numerical
techniques such as density-matrix renormalisation group
(DMRG) [72] to find realistic approximate solutions. But
in the context of finding suitable models for noise in
quantum computing hardware, such as superconduct-
ing qubits that are held in the mK range, the three-
dimensional classical equation (11) with a full quantum
power spectrum for the environmental modes may prove
an informative and numerically tractable solution.
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Appendix A: Classical temperature dependence of
magnetization
The magnetization versus temperature curve for a
classical spin S of length S0 = n ~/2 in an external
field Bext = Bez is determined by the Boltzmann dis-
tribution for the Hamiltonian H = −γ S ·Bext at inverse
temperature β = 1/kBT ,
〈Sz〉 =
∫ +S0
−S0
dSz Sz
e−β(−γ SzB)
Za
= ∂a lnZa, (A1)
with Za =
∫ +S0
−S0 dSz e
aSz where a = βγB. This gives
Za =
2 sinh(aS0)
a
, (A2)
and hence
〈Sz〉
S0
= coth (βγB S0) − 1
βγB S0
, (A3)
sign(γ)
〈Sz〉
S0
= coth
(
n ~ωL
2kBT
)
− 2kBT
n ~ωL
, (A4)
where ωL = |γB|. In the magnetism literature, some-
times a rescaled temperature experienced by a spin with
n 6= 1 is defined as Teff = T/n, i.e. the temperature
is effectively reduced in comparison to the temperature
experienced by a spin with n = 1.
